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On the connectivity of Milnor fiber for mixed functions
Mutsuo Oka
Dedicated to Professor Leˆ Du˜ng Tra´ng for his 70’s birthday
Abstract. In this note, we prove the connectivity of the Milnor fiber for
a mixed polynomial f(z, z¯), assuming the existence of a sequence of smooth
points of f−1(0) converging to the origin. This result gives also a another
proof for the connectivity of the Milnor fiber of a non-reduced complex analytic
function which is proved by A. Dimca
1. Introduction
Let f(z, z¯) =
∑
ν,µ cν,µz
ν z¯µ be a mixed polynomial of n-variables z =
(z1, . . . , zn) ∈ C
n which has a singularity at the origin. We say that f satisfies
Hamm-Leˆ condition at the origin if there exists a positive number r0 such that for
any 0 < r1 ≤ r0, there exists a positive number δ(r1) such that the hypersurface
f−1(η) ∩ B2nr0 is non-empty, non-singular and it intersects transversely with the
sphere S2n−1r for any r, η with r1 ≤ r ≤ r0 and 0 6= |η| ≤ δ(r1). Here B
2n
r is
the ball {z ∈ Cn | ‖z‖ ≤ r} of radius r and S2n−1r is the boundary sphere of B
2n
r .
We call such a positive number r0 a stable Milnor radius. If f is a holomorphic
function, Hamm-Leˆ condition is always satisfied (Hamm-Leˆ [H-L]). For a strongly
non-degenerate mixed function, this condition is also satisfied provided f(z, z¯) is
either convenient ([O2]) or locally uniformly tame along vanishing coordinate sub-
spaces ([O3]). The following assertion is immediate from Hamm-Leˆ condition and
Ehresman’s fibration theorem ([W]).
Lemma 1.1 ([H-L, O3]). Assume that f(z, z¯) be a mixed function of n-variables
with n ≥ 2 which satisfies the Hamm-Leˆ condition. Choose r0 > 0 as above and
take arbitrary positive numbers r, r1, with 0 < r1 ≤ r ≤ r0 and take a positive
number δ with δ ≤ δ(r1). Consider the following tubular set and its boundary
E(r, δ) := {z ∈ B2nr | |f(z)| ≤ δ}
∂E(r, δ) := {z ∈ B2nr | |f(z, z¯)| = δ}.
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Then the mappings
f : E(r, δ) \ f−1(0)→ Dδ \ {0} and
f : ∂E(r, δ)→ S1δ
are locally trivial fibrations where Dδ := {ζ | |ζ| ≤ δ} and S
1
δ = ∂Dδ (the boundary
circle). They are homotopically equivalent and their isomorphism classes do not
depend on the choice of r and δ.
This is called the tubular Milnor fibration of f at the origin and the fiber
f−1(δ) ∩ Br is called the Milnor fiber at the origin. It is known that the tubular
Milnor fibration is equivalent to the spherical Milnor fibration ( see [M, O2])
ϕ : Sr \K → S
1, ϕ(z) = f(z, z¯)/|f(z, z¯)|
2. Statement of the result
2.1. Connectivity of Milnor fibers of holomorphic functions. We first
recall basic facts about the connectivity of the Milnor fibers of holomorphic func-
tions. Assume that f : (U,0)→ (C, 0) be a holomorphic function with a singularity
at the origin where U is an open neighborhood of the origin. A fundamental result
for the connectivity is
Theorem 2.1 (Milnor [M]). The Milnor fiber F has a homotopy type of an
(n− 1)-dimensional CW-complex. If further the origin is an isolated singularity, F
is (n− 2)-connected.
Let ϕ : S2n−1r \K → S
1 be the spherical Milnor fibration. The proof depends
on Morse theory. Milnor proved that the fiber has a homotopy type of an n − 1
dimensional CW-complex, by showing that the index of a suitable Morse function
is less than or equal to n − 1. Secondly, if the origin is an isolated singularity at
the origin, F¯ is a manifold with boundary and the inclusion F ⊂ F¯ is a homotopy
equivalence in the sphere S2n−1r and the vanishing Hj(F ) = 0 for 0 < j < n − 1
follows from the Alexander duality and the homotopy equivalence Fπ ⊂ S
2n−1
r \ F¯
where Fπ = ϕ
−1(−1). The simply connectedness of F for n ≥ 3 follows from handle
body argument.
Kato and Matsumoto further generalized this assertion as follows.
Theorem 2.2 (Kato and Matsumoto [K-M]). Assume that s is the dimension
of the critical points locus at the origin. Then F is (n− s− 2)-connected
Their proof depends on the above result of Milnor and an inductive argument
using Whitney stratification.
2.2. Mixed functions. For mixed functions, no similar connectivity state-
ment is known. A main reason is that the tangent space of a mixed hypersurface
has no complex structure and Morse function argument does not help so much as
in the holomorphic case.
The following is our result which is a first step for the connectivity of the Milnor
fiber of a mixed function. For the proof, we use an elementary but completely
different viewpoint which is nothing to do with Morse functions. We use a one-
parameter group of diffeomorphisms which containes the monodromy map.
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Theorem 2.3. Assume that f(z, z¯) is a mixed function of n-complex variables
z = (z1, . . . , zn) with n ≥ 2 which satisfies Hamm-Leˆ condition at the origin and
take a stable Milnor radius r0 and assume that there exists a mixed smooth point w ∈
f−1(0) with ‖w‖ < r0 and the sphere of radius ‖w‖ intersect f
−1(0) transversely at
w. We assume also that dimR f
−1(0) = 2n−2. Then the Milnor fiber is connected.
Remark 2.4. Suppose that f is a holomorphic function and s is the dimension
of the critical points locus of f at the origin. If f is non-reduced, then s = n − 1
and Theorem 2.2 says nothing about the connectivity.
2.3. Proof of Theorem 2.3. Let r0 be a positive number which satisfies the
Hamm-Leˆ condition. Take a mixed smooth point w ∈ f−1(0) with ‖w‖ < r0. Put
r := ‖w‖. Fix positive numbers r1 with r1 < r and δ ≤ δ(r1) and we consider the
Milnor fibration
(⋆) f : ∂E(r0, δ)→ S
1
δ .
Let Fθ := f
−1(δeiθ) ∩ Br0 for θ ∈ R be the Milnor fiber over δe
iθ. We assume
also the sphere with radius r, S2n−1r intersects transversely with the hypersurface
f−1(0) at the smooth point w. For the proof, we use a certain one-parameter
family of diffeomorphisms associated with the tubular Milnor fibration (⋆). Recall
that a one-parameter family of the characteristic diffeomorphisms hθ, θ ∈ R are
constructed by integrating a given horizontal vector field V . Here a vector field V
is called a horizontal vector field on ∂E(r0, δ) if it satisfies the following property:
Tfp(V(p)) =
∂
∂θ
(f(p)), p ∈ ∂E(r0, δ)
where Tfp : Tp∂E(r0, δ) → Tf(p)S
1
δ is the tangential map and furthermore V is
tangent to Sr0 ∩ ∂E(r0, δ) on the boundary and
∂
∂θ is the unit angular vector field
along S1δ . In other word,
∂
∂θ is the tangent vector of the curve t 7→ δe
it. As ∂E(r0, δ)
is a compact manifold with boundary, there is an integral ϕ : ∂E(r0, δ) × R →
∂E(r0, δ) such that ϕ(p, 0) = p and ϕ(p, t), −∞ < t <∞ is the integral of V starting
at p for t = 0. Let hθ : ∂E(r0, δ) → ∂E(r0, δ), θ ∈ R be the corresponding one
parameter family of characteristic diffeomorphisms, which are defined by hθ(p) =
ϕ(p, θ). Note that {hθ} satisfy the property
hθ(Fη) = Fη+θ, η, θ ∈ R.
They also satisfy the equalities
h0 = id, hθ ◦ hξ = hθ+ξ, θ, ξ ∈ R.
Using one-parameter family {hθ, θ ∈ R}, the monodromy map h : F → F is given
by the restriction h2π|F with F = F0.
Now we construct V more carefully. We take a local real-analytic chart U
with local coordinates (x1, y1, . . . , xn, yn) centered at the given smooth point w ∈
f−1(0) such that f(x1, y1, . . . , xn, yn) = xn + iyn. We take δ sufficiently small
and we take a normal disc D of f−1(0) centered at w so that |f(z)| = δ for
any z ∈ ∂D and thus ∂D ⊂ ∂E(r0, δ). In the above coordinates, we can as-
sume D = {(0, . . . , 0, xn, yn) |x
2
n + y
2
n ≤ δ
2}. By the transversality assumption, we
may assume that V is tangent to ∂D which implies that h2π(z) = z for z ∈ ∂D.
Note that the family of tubular neighborhoods {E(r, δ)|δ < δ(r)} and the family
of disk neighborhoods {B2ns , s > 0} are cofinal neighborhood systems of the ori-
gin. Thus E(r, δ) is contractible and E \ f−1(0) is connected by the assumption
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codimR f
−1(0) = 2, ∂E(r, δ) is also connected, as E(r0, δ) \ f
−1(0) and ∂E(r0, δ)
are homotopy equivalent.
Now we are ready to prove the connectivity of the Milnor fiber F0. Fix a point
p ∈ ∂D ∩ F0 and take an arbitrary point q ∈ F0. As ∂E(r, δ) is connected, we can
find a path σ : [0, 1] → ∂E(r0, δ) such that σ(0) = q and σ(1) = p. We will show
that q ∈ F0 can be joined to p by a path in the fiber F0, modifying the path σ.
Consider first the closed loop f ◦ σ : (I, {0, 1})→ (S1δ , δ) and let m be the rotation
number, that is
m =
1
2π
∫ 1
0
d arg f(σ(θ)).
Let ω : I → ∂D be the clockwise rotation m-times along the boundary of D
starting at p. Consider the path σ′ which is given as the composition of paths
σ′ := σ · ω : I → ∂E(r, δ) and define a function ψ : [0, 1]→ R by
ψ(t) =
∫ t
0
d arg f(σ′(t))dt.
Note that ψ(t) ≡ arg f(σ′(t)) modulo 2π and ψ(0) = ψ(1) = 0. This follows from
the observation that the rotation number of f ◦ σ′ is zero by the definition of ω.
Now we can deform σ′ using characteristic diffeomorphisms ht, t ∈ R into a path
in the fiber F0 as follows. Define a modified path
σˆ(t) := h−ψ(t)(σ
′(t)), 0 ≤ t ≤ 1.
Then we have the equality
arg f(σˆ(t)) = −ψ(t) + arg f(σ′(t)) ≡ 0, 0 ≤ t ≤ 1.
Thus the deformed path σˆ is entirely included in F0. By the construction, σˆ(0) = q
and σˆ(1) = p and σˆ is the path which connect q and p in F0. 
2.4. Generalization of Main Theorem for holomorphic functions. The
following is known by A. Dimca [1]. We give another direct proof of this assertion,
using a similar argument as in the proof of Theorem 2.3.
Theorem 2.5. ( Prpoposition 2.3, [1] ) Assume that f is a germ of holomorphic
function at the origin of Cn, n ≥ 2 with f(0) = 0 and assume that f is factored
as fn11 · · · f
nr
r where f1, . . . , fr are irreducible in On and mutually coprime. Put
n0 = gcd(n1, . . . , nr). Then Milnor fiber of f at the origin is connected if and only
if n0 = 1.
Here On is the ring of germs of holomorphic functions at the origin.
Proof. Let F be the Milnor fiber of f . We can write f = gn0 with g =
f
n1/n0
1 · · · f
nr/n0
r and F is diffeomorphic to disjoint sum of n0 copies of the Milnor
fibers of g. Thus F is not connected if n0 ≥ 2. Assume n0 = 1. Take a stable radius
r0 which satisfies Hamm-Leˆ condition. For each 1 ≤ i ≤ r, we consider the reduced
irreducible component Vi = {fi = 0} and take a non-singular point pi ∈ Vi\
⋃
j 6=i Vj
with ‖pi‖ < r0. Choose a positive number r < r0 with r ≤ ‖pi‖, i = 1, . . . , r and
we consider Milnor fibration
f : ∂E(r0, δ)→ S
1
δ , δ ≤ δ(r)
We assume that in a sufficiently small neighborhood Ui of pi, any analytic branch
of f1/ni is a well-defined single-valued function. Taking a one branch f˜i and we
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take f˜i as the last coordinate function of a complex analytic coordinate system
zi = (zi1, . . . , zin) in Ui i.e., f˜i(zi) = zin. Consider a normal disk at pi which is
defined byDi = {(0, . . . , 0, zin) | |zin| ≤ δ
1/ni} where we assume that δ is sufficiently
small so that Di ⊂ Ui. Note that f˜i is locally written as f˜i = fi · ui where ui is a
unit in Ui and f(∂Di) = S
1
δ and ∂Di ⊂ ∂E(r, δ). Construct a one parameter family
of chracteristic diffeomorphisms ht, t ∈ R as before such that ∂Di is stable by ht
and ht|∂Di is the rotation of angle t/ni, under the identification f˜i : ∂Di → S
1
δ1/ni
.
(Note that f : ∂Di → S
1
δ is the ni rotation.) F ∩ ∂Di can be identified with
ni-th roots of δ and we put them as F ∩ ∂Di = {pi,0, . . . , pi,ni−1} so that the
monodromy h := h2π acts simply as a cyclic permutation pi,j 7→ pi,j+1. Using a
similar discussion as in the proof of Theorem 2.3, for a given q ∈ F , we can connect
q to some point in F ∩ Dj for any j. To see this, we first take a path σ so that
σ(0) = q and σ(1) = pj,0, then in the argument of the proof of Theorem 2.3, we
simply replace ω by m/nj rotation in the clockwise direction along ∂Dj and do the
same argument, where m is the rotation number of f ◦ σ. Note that ω need not
a closed loop but the image of ω by f is a closed loop and it gives −m rotation.
Thus the proof is reduced to show that the points {p1,0, . . . , p1,n1−1} are in the
same connected component of F .
In particular taking q = p1,0, we can find a path ℓj in F which connects p1,0 to
some pj,νj for any j, j = 2, . . . , r. Let ℓ
a
j = h
a(ℓj) the image of ℓj by h
a. Then it
connects p1,a to pj,νj+a in F . Now we consider the image of ℓ
a
j , a = 0, . . . , n1 − 1
under hnj which fixes pj,νj+a but the other end p1,a of ℓ
a
j goes to p1,nj+a. As F is
stable by the monodromy map h = h2π, this image is also a path in F . Thus p1,a
and p1,nj+a = h
nj (p1,a) are connected by the path ℓ
a
j · (h
nj ◦ (ℓaj )
−1) in F for any
a. See Figure 1 for a = 0. As we have assumed gcd(n1, . . . , nr) = 1, there exist
integers a1, . . . , ar so that we can write 1 =
∑r
i aini. Then
p1,1 = h(pi,0) = h
∑r
i=1 aini(p1,0) = h
arnr (· · · (ha2n2(p1,0) · · · )).
Put p1,µ2 := h
a2n2(p1,0) and p1,µj+1 := h
nj+1aj+1(p1,µj ) for j = 2, . . . , r − 1. Then
points p1,µ2 , . . . , p1,µr = p1,1 are in the same connected component of p1,0 in F .
Thus p1,1 and p1,0 are in the same component. Repeating the same argument,
we conclude that p1,0, . . . , p1,n1−1 are all in the same connected component of F .
Combining the above observation, this proves that F is connected.

Remark 2.6. The special case f = za11 · · · z
ak
k has been considered in Example
(3.7), [O1]. For mixed function case, the above argument does not work. There
does not exist any correspondence between irreducible components of f−1(0) as
real algebraic sets and the irreducible factors of f(z, z¯) as a polynomial in C[z, z¯]
or a germ of an analytic function of 2n variables. For example, let f(z, w, z¯, w¯) be
the strongly homogeneous mixed polynomial of two variables which come from the
Rhie’s Lens equation ϕn = 0,
ϕn(z) := z¯ −
zn−2
zn−1 − an−1
−
ε
z
, n ≥ 2
where ε, a are sufficiently small positive numbers 0 < ε≪ a≪ 1. f is obtained as
the homogenization of the numerator of ϕn. Then f is irreducible but f
−1(0) has
5n− 5 line components in C2([O4, R]).
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p1,0
p1,nj
hnj
ℓ0j
hnj (ℓ0j)
D1 Dj
pj,νj
Figure 1. ℓ1,0 and h
nj (ℓ1,0)
3. Application
3.1. Convenient strongly non-degenerate mixed functions. Let f(z, z¯)
be a strongly non-degenerate convenient mixed polynomial. Then the Hamm-Leˆ
condition is satisfied (Lemma 28, [O2]). Furthermore the mixed hypersurface V =
f−1(0) has an isolated singularity at the origin (Corollary 20, [O2]). Thus the
assumption of Theorem 2.3 is satisfied and we have
Theorem 3.1. Let f(z, z¯) be a strongly non-degenerate convenient mixed func-
tion and n ≥ 2. Then the Milnor fiber is connected.
3.2. Non-convenient mixed polynomials. Let f(z, z¯) be a strongly non-
degenerate mixed polynomial which is not convenient. In general, such a mixed
hypersurface defined by f has a non-isolated singular locus. Let I be a non-empty
subset of {1, . . . , n}. We use the following notations.
C
I = {z | zj = 0, ∀j /∈ I},
C
∗I = {z | zj = 0 ⇐⇒ j /∈ I}.
We say CI is a vanishing coordinate subspace for f if the restriction of f to the
coordinate subspace CI , denoted by f I , is identically zero. Otherwise, we say CI a
non-vanishing coordinate subspace. Put V ♯ be the union of V ∩C∗I for all I such that
CI is a non-vanishing coordinate subspace. We know that V ♯ is mixed non-singular
as a germ at the origin (Theorem 19, [O2]). We say that f is uniformly locally tame
on the vanishing coordinate subspace CI if there exists a positive number ε > 0 and
for any non-negative weight vector P = (p1, . . . , pn) ∈ Z
n
≥0 with I(P ) = I where
I(P ) := {i | pi = 0}, the face function fP is strongly non-degenerate as a function
of {zj | j /∈ I} for any fixed zI = (zi)i∈I ∈ C
∗I with
∑
i∈I |zi|
2 ≤ ε. A strongly
non-degenerate mixed function which is uniformly locally tame along any vanishing
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coordinate subspaces satisfies Hamm-Leˆ condition ( Proposition 11, [O3]). Thus
we have
Theorem 3.2. Assume that f(z, z¯) is a strongly non-degenerate mixed function
which is uniformly locally tame along vanishing coordinate subspaces and n ≥ 2.
We assume also that V ♯ is a non-empty germ of mixed variety. Then the Milnor
fiber is connected.
A similar but weaker result is proved for a strongly mixed homogeneous poly-
nomial ([O5]). As a next working problem, we also propose a conjecture about the
fundamental groups of the Milnor fiber.
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